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The Gibbs tangent plane criterion has become important in determining the quality of
obtained solutions to the phase and chemical equilibrium problem. The ability to deter-
mine if a postulated solution is thermodynamically stable with respect to perturbations
in any or all of the phases is very useful in the search for the true equilibrium solution.
Previous approaches have focused on finding stationary points of the tangent plane
distance function. Obtaining all stationary points, however, cannot be guaranteed due to
the complex and nonlinear nature of the models used to predict equilibrium. Simpler
formulations for the stability problem are presented for special problems where nonideal
liquid phases can be adequately modeled using the NRTL and UNIQUAC activity
coefficient equations. It shows how the global minimum of the tangent plane distance
function can be obtained for these problems. A global optimization approach is advan-
tageous because a nonnegative solution can be asserted to be the globally stable equilib-
rium one, unlike avatlable local algorithms. For the NRTL equation, the GOP algo-
rithm of Floudas and Visweswaran (1990, 1993) is used to guarantee obtaining €-global
convergence to the global minimum. For the UNIQUAC equation, a branch and bound
algorithm based on that of Falk and Soland (1969) is used to guarantee convergence to
the global solution. Computational results demonstrate the efficiency of both global

optimization algorithms in solving various challenging problems.

Introduction

A vpersistently difficult problem in chemical engineering is
the phase and chemical equilibrium problem, which is of cru-
cial importance in several process separation applications. For
conditions of constant temperature and pressure, a global
minimum of the Gibbs free energy function describes the true
equilibrium state. However, due to the presence of multiple
solutions and the complexity of the models employed, all pre-
vious approaches have been unable to provide a guarantee of
obtaining the global solution for the general equilibrium
problem. Recently, McDonald and Floudas (1995) proposed
a global optimization approach that will find a global solution
for the minimization of the Gibbs free energy function, when
the liquid phase is modeled using the NRTL equation. Mc-
Donald and Floudas (1995) also applied a global optimiza-
tion algorithm when the liquid phase can be characterized by
the UNIQUAC equation. The difficulty of finding the true
equilibrium solution has stimulated much interest in the phase
stability problem. This is because a solution obtained from
the minimization of the Gibbs free energy can be tested for
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intrinsic thermodynamic stability by using the Gibbs tangent
plane criterion, as first proposed by Gibbs (1873a,b). It also
recognizes the metastable region as unstable, a useful prop-
erty in engineering applications.

Gautam and Seider (1979) used a phase-splitting algorithm
in conjunction with the Rand method to improve the per-
formance and reliability of their approach. Baker et al. (1982)
proved the Gibbs tangent plane criterion for mixtures where
the Gibbs free energy is a continuous first-order function.
They demonstrated the problems associated with conven-
tional stability criteria when several solutions exist satisfying
the condition of equal chemical potentials. Smith et al. (1993)
have recently obtained the necessary and sufficient condi-
tions for stability of systems where chemical reaction may or
may not be taking place, using the Karush—Kuhn-Tucker
(KKT) optimality conditions as the basis of their considera-
tion.

The work of Michelsen (1982a,b) provided the first effi-
cient implementation of the tangent plane criterion. A two-
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stage approach was proposed whereby the stability problem
was used to generate initial points to be used in the search
for a global minimum of the Gibbs free energy. Experience
revealed that if the postulated solution is indeed thermody-
namically unstable, the solutions obtained from the stability
problem usually provide a good starting point for the new
search. Sun and Seider (1994) also used a two-stage ap-
proach, and employed a homotopy algorithm in an attempt to
obtain the global solutions.

Swank and Mullins (1986) compared various methods for
calculating liquid phase-splitting problems. The results
showed that reliability could be increased, but that there is
no guarantee that phase equilibrium will be calculated cor-
rectly in all cases. Nagarajan et al. (1991a,b) reformulated
the stability approach, replacing the mol numbers by mol
densities, so that the Helmholtz free energy is the proper
thermodynamic function describing equilibrium. Gupta et al.
(1991) combined the phase equilibrium problem and the sta-
bility problem to avoid singular Jacobians. Their approach is
guaranteed to converge to a stationary point. Eubank et al.
(1992) integrate the Gibbs free energy surface for a single
hypothetical phase, obtaining a maximum area rather than a
minimum tangent plane distance. A maximum of three com-
ponents and two phases can be postulated and convergence
cannot be guaranteed if the solution lies at a composition
bound.

Even though the stability problem has been effectively used
to improve the chances of finding the true equilibrium solu-
tion corresponding to a global minimum of the Gibbs free
energy, there is no guarantee that it will be obtained. It is
usually assumed that if a postulated solution is found to be
thermodynamically unstable, then a phase must be added or
deleted. However, the true equilibrium solution may in fact
be a solution with the same number of phases as the postu-
lated one, but with a different distribution of the components
within those phases.

In this article, it is shown how global solutions can be ob-
tained for the phase stability problem for the case when non-
ideal liquid phases can be modeled using the NRTL or UNI-
QUAC equations. This is an important result because if a
global approach shows that a solution satisfying the condition
of equal chemical potentials is stable with respect to all possi-
ble perturbations, then global stability can be definitely as-
serted: the solution corresponds to a global minimum of the
Gibbs free energy. First, an introduction to the problem is
supplied, including a brief derivation of the tangent plane
stability criterion. The next two sections discuss how the for-
mulations for the NRTL and UNIQUAC equations can be
altered from their original nonconvex forms into problems
with special structure. The NRTL can be transformed into a
biconvex problem, while the UNIQUAC formulation is ex-
pressed as the difference of two convex functions, where the
concave portion is separable. It will be shown how the recast
formulations can be solved for e-global optimality by using
available global optimization algorithms. In the case of the
NRTL equation, the GOP algorithm of Floudas and
Visweswaran (1990, 1993) is used to obtain global solutions.
For the UNIQUAC equation, the branch and bound algo-
rithm of Falk and Soland (1969) is used to obtain global solu-
tions to the reformulated problem. Examples are provided in
both cases that demonstrate the success in generating the
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Figure 1. Stability for nonequilibrium case.

global solutions of the phase stability problem, regardless of
starting point.

Problem Statement

Before discussing and deriving the tangent plane criterion,
the motivation for its use is briefly outlined. This arises from
consideration of the Gibbs free energy surface and the man-
ner in which the tangents to this surface can describe the
nature of equilibrium. Consider a binary system that is char-
acterized by a single thermodynamic model, which is unspeci-
fied as yet, and it is assumed to be first-order continuous.
Then a plot such as the one shown in Figure 1 is obtained
where the molar Gibbs free energy curve, g(y), is plotted vs.
the mol fraction, y, of one of the components. The mol frac-
tion of the second component is given by 1— y. Suppose that
a two-phase solution corresponding to a local (not global)
minimum of the Gibbs free energy function has the mol frac-
tion of component one in phase one denoted by z! and in
phase two by 27, with associated chemical potentials u%(z')
and u%z2). Note that the superscripts refer to phases, not
components. This local solution satisfies the necessary first-
order condition of equal chemical potentials, so that u°(z!)
= u"(z?). If the tangents to the Gibbs surface are drawn at
z! and 22, then these correspond to the tangent plane to the
Gibbs free energy surface 3(z')=3(z2). This implies that
points of common tangency reveal multiple phases. Note that
the tangent line associated with this local solution lies above
the Gibbs surface in a small region around y = 0.6, indicating
thermodynamic instability. However, the situation for the so-
lution corresponding to a global minimum is pictured in Fig-
ure 2, obtained for a different z! and z? than before. In this
case, the common tangent lies completely below the Gibbs
surface. For any mol fraction y that falls between z! and 22,
the hypothetical single liquid phase is unstable and will split
into two phases with the compositions in each phase given by
z! and z2, respectively. The key characteristic is that if a tan-
gent plane that lies completely below the Gibbs free energy
surface does exist, then the equilibrium solution correspond-
ing to the global minimum of the Gibbs free energy is given
by the compositions at the points of tangency.
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Figure 2. Stability for equilibrium case.

However, in the general multicomponent, multiphase prob-
lem there is no rigorous approach to determine where the
tangent plane touches the Gibbs free energy surface so that it
always lies below it. Rather, a point is picked on the composi-
tion space, which corresponds to some solution that satisfies
the condition of equipotentials, and the tangent plane arising
from this solution is checked to ensure that it lies below the
Gibbs free energy surface for all feasible compositions. It will
now be briefly shown why negative tangent plane distances
reveal instability. Assume that the system in question is at
constant temperature and pressure. Then the Gibbs free en-
ergy function is the thermodynamic quantity of interest. If
the index set C represents the components i so that C ={i},
then consider a single phase with mol fractions z; and total
mols n°. An infinitesimal number of mols e is split from the
original phase to form two new phases, with the new phase
having mol fractions y;, and the original phase now contain-
ing n® — € mols. The change in the Gibbs free energy arising
from this change is given as follows:

AG=G(e)+G(n"~ e)-G(n%)

aG
= Y ey (N+GD~ Y ey,—| —G(n%
ieC icc  9€Yil,

= 2 eydm(y)— w2}

ieC

If this energy change is positive for all feasible values of y,
then the Gibbs energy of the postulated phase cannot be re-
duced by adding, deleting, or changing the relative amounts
of the various components in the postulated solution, so that
it is seen to be stable. On the other hand, if the energy change
is negative, then another solution must be sought that will
have a lower value of the Gibbs free energy function.

Baker et al. (1982) and Smith et al. (1993) provide exten-
sive proofs that a necessary and sufficient condition for a
postulated solution to be an equilibrium one, is that the tan-
gent plane distance function, denoted F(y), be nonnegative
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for all possible phases represented in the system, with F(y) de-
fined as follows:

F(y)= L ylw(y) - pl(2)} (1)

ieC

where w,(y) and u(z) represent the chemical potentials cal-
culated at y and z, respectively. The significance of the tan-
gent plane criterion was illustrated in Figures 1 and 2. The
tangent plane distance function is defined as the distance be-
tween the Gibbs surface and the tangent plane constructed
to this surface at z. This is summarized as follows:

Molar Gibbs surface (for a single

g = X yim(y) hypothetical phase)

ieC

3(y)= Y, y;u)(z) Tangent plane to this surface at z
ieC

F(y)=g(y)— 3(y) Tangent plane distance function.

Clearly, if the tangent plane lies completely below the Gibbs
surface, as in Figure 2, then the postulated solution corre-
sponds to a global minimum of the Gibbs free energy.

Previous approaches have concentrated on obtaining the
stationary points of the tangent plane distance function, which
reduce to solving the set of nonlinear equations:

(- pl(2)=K ©)

subject to the feasibility constraints on y. If any of the solu-
tions to this set of equations is negative, then the postulated
solution is unstable and an improved solution with a lower
Gibbs free energy must be sought. If all stationary points are
found to be nonnegative, then it is assumed that the postu-
lated solution is stable. However, there are a number of diffi-
culties associated with this approach. First, no guarantee of
obtaining all stationary points can be provided, so that even
if no negative solutions are obtained, the postulated configu-
ration may be unstable. Also, the solutions obtained from the
stability problem are then used to initiate the search for a
solution with a lower Gibbs free energy. However, there is no
way of telling which stationary points correspond to the global
solution, so that these guesses may in fact lead to local op-
tima, or even infeasible solutions. Note that if homotopy con-
tinuation methods are employed in an attempt to locate all
stationary points, no theoretical guarantee of identifying them
can be provided, as the phase stability problem contains loga-
rithmic terms. Such guarantees can only be made for polyno-
mial systems of equations.

In this article, a global optimization approach is intro-
duced. The tangent plane distance function is explicitly mini-
mized. If a nonnegative global optimum solution is obtained,
then the stability of the postulated solution is guaranteed.
The optimization formulation for the phase stability problem,
(8), is then given as:

minF(y)= Y y{p(y)— u(2)}
ieC
st Yy =1 (s)
ieC
0<y <1
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Difficulties arise in obtaining global optimum solutions for
(S) due to the complex and nonlinear nature of the models
available to characterize u,(y) for nonideal phases. In this
article, the situation for nonideal liquid phases that can be
modeled using the NRTL and UNIQUAC equations is ana-
lyzed. The next two sections demonstrate (1) how the formu-
lations can be altered from their original nonconvex forms
into problems with special structure, and (2) how determinis-
tic global optimization methods can be employed to obtain
global optima.

Application to the NRTL Equation
Formulation of F(y)

For conditions of constant temperature and pressure, the
Gibbs free energy is the thermodynamic function that defines
equilibrium for the system. The ideal molar Gibbs free en-
ergy, labeled g/, for any mixture of components, is given as

I

8
Zy, + Y ylny, (3)
7" ZRrt L

where y; represents the mole fraction of component i, and g;
is the molar Gibbs free energy of pure component i referred
to some standard state, as yet undefined. For liquid phases,
nonideality is commonly predicted by using excess functions
that describe the deviation of the system from ideal behavior.
Renon and Prausnitz (1968) derived the following expression

for g£, the excess molar Gibbs free-energy function:
g Z 7: Gji Y ‘ZC 755G
=
=== 2 =2 }’i_] —— @
RT 2¢ Z Suvi ieC Z Gijyi
lec teC

where 7,; are nonsymmetric binary interaction parameters,
G,; are parameters that depend on another adjustable param-
eter, a; (with ;=0 and a;;= a;). The relationship be-
tween these three parameters is glven as G;;=exp(— a;7;)
so that G;; can never be negative. It is possible to have nega-
tive 7;; Thxs implies that there are three adjustable parame-
ters per binary (7, 7;, ;).

The molar Gibbs free energy is given as the sum of the
ideal portion and the excess portion

8 L5 )

Substitution of Eqs. 3 and 4 into Eq. 5 yields the following
expression for the molar Gibbs free energy of a single hypo-
thetical phase:

Z Tij Y5
jec
gy)= Zy«{AGf+lny-}+ Zy-——-—,
ieC I ' ' ieC i Z Gy
teC

(6)

and the chemical potentials of each component are calcu-
lated as
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): 7:8i¥;
p(») =AG +Iny, + 155
' X Gy
jecC
.y, Z 7 G
+ Y =Ll L= vieC (7)
jec X8| PIRBY
teC leC

where AG/ represents the Gibbs free energies of the pure
components at the system temperature 7, constructed so that
the Gibbs energy content of the elemental species is zero at
T. Notice that all quantities associated with the Gibbs free
energy [such as g(y), u,(¥), F(y), AG/]have now been made
dimensionless by dividing by RT.

The tangent plane distance function can be written as

F=g(¥)- L yud(2) ®

ieC
Z Tij 9i;Y;
jecC
=Y y{AG/+Iny, + —=——
ieC ' l Z S

teC

-1} 9

By finding the global minimum of ¥(y) over the convex con-
straint set of the phase stability problem (S), it is possible to
determine whether the postulated solution represented by z
is stable. If the global minimum of (S) is negative, then a
solution with a lower Gibbs free energy must be sought by
some other means. If a nonnegative value is obtained for the
global minimum of F(y), then the solution is stable, and the
postulated solution describes the equilibrium state.

There are a number of difficulties associated with obtain-
ing the global solution of the function given in Eq. 9. In order
to demonstrate the structure of the stability problem, the
convex terms of the tangent plane distance function, labeled
CN(y), are collected together as follows:

CeN(y)= Y y{AGf+Iny,— u¥(2)}. (10)
iec

Note that the terms y; In y, are convex, and the remaining
terms are linear. This implies that the objective function can
now be written as

Z tj UY)

F(y)=eNy+ ¥ y-

— 11
ieC Z Sy

The nonconvexities in Eq. 11 arise solely due to the excess
Gibbs free-energy term, and consist of a summation of terms
that each involves a linear term times a linear fractional term.

Transformations and partitioning

Before proceeding with the analysis, the following opti-
mization problem is briefly discussed:
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min f(x,y)
st. h(x,y)=0

glx,y)<0
xeX,yeY

where X and Y are convex sets, and f(x,y), h(x,y), and
g(x,y) are presumed to be continuous and piecewise differ-
entiable on X X Y. Floudas and Visweswaran (1990, 1993)
have proved e-global convergence for problems that satisfy
the following Conditions (A):

e f(x,y) and g(x,y) are convex in x for all fixed y and
convex in y for all fixed x,

® h{x,y) is affine in x for all fixed y, and affine in y for
all fixed x,

e X and Y C V are nonempty, compact convex sets and a
constraint qualification is satisfied, where V ={y: h(x, y) =0,
g(x,y) < 0, for some x € X}.

By introducing new variables labeled 2C,, it is possible to
change the nature of the nonconvexities of Eq. 11 so that the
GOP algorithm (Floudas and Visweswaran, 1990, 1993) can
be applied to the phase stability problem:

N
l Z gjiyj

jec

X vieC. 12)

Substituting these variables into Eq. 11 yields the following
reformulated stability problem for the NRTL equation (S-N)
given below:

min F(»)=C M+ ¥y 2 G X
ieC jecl
st. X0 ), Guy=y, VieC
jec (S-N)
Z)’g'—‘l
ieC
with Y={y:0<y <1 Vie(}.

Note that the constraints of Eq. 12 have been rewritten so
that they are of a bilinear form, rather than linear fractional.

Equation S-N reveals that there is a natural partition of
the variables into two distinct subsets to ensure that a convex
subproblem remains if one of these subsets is held fixed. Sup-
pose that the variables are partitioned so that the original
mol number variables belong to the set of y variables (that is,
y < {y;}), and the new introduced variables belong to the set
of x variables (that is, x < {%;}). Then Conditions (A) re-
quired by the GOP (Floudas and Visweswaran, 1990, 1993)
to guarantee e-global convergence are satisfied. Fxamining
the new formulation reveals that if the y variables are held
constant, then a linear objective function results, subject to a
linear set of constraints. If the & wvariables are held fixed,
then a convex objective function is obtained, subject to a lin-
ear set of equality constraints. Thus, Conditions (4) of the
GOP are satisfied. The GOP algorithm proceeds by iterating
between the primal problem, which supplies upper bounds
on the global solution, and a set of relaxed dual subproblems
which yield lower bounds on the global solution. The relaxed
dual subproblems are derived through consideration of dual-
ity theory. These subproblems will now be discussed.
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Primal problem

The primal problem (P) is obtained by fixing the y vari-
ables such that y = y* € Y at some iteration K. To ensure
feasibility, the mol fraction constraint (£;yX = 1) must be sat-
isfied. Problem (P) is explicitly given as

min CN(y®)+ ) yK Y G,

« ieC jec
st 2 ¥ Guf=yf  VieC
jec

Note that (P) has a linear objective function and constraints
in the variables, &;, and is therefore convex. Its solution pro-
vides an upper bound on the global solution because it repre-
sents a restriction of the original problem. The definitions of
the & variables form a square set of equality constraints so
that (P) is simply a function evaluation.

Relaxed dual problem

The primal problem yields an upper bound on the global
solution. The relaxed dual subproblems will yield valid lower
bounds. A more detailed treatment of the theory can be found
in Floudas and Visweswaran (1990, 1993) and in McDonald
and Floudas (1995).

Formulation of the Lagrange Function. The Lagrange
function for use in the relaxed dual problem will supply un-
derestimators of the Gibbs surface in partitions of the feasi-
ble region. If the following steps are performed:

(i) Construct the Lagrange function from (S-N) as L(X,
¥, A= f(X, y)+ ATh(X, y),

(ii) Collect the X variable terms together,

(ili) Use the KKT conditions from the primal problem,

(iv) Construct a relaxation of the Lagrange function that
allows for rectangular partitioning,

) Augment the set of X variables with the new set de-
noted as &, then the Lagrange function can be written as:

L&, y, )= ¥ ¥ L, {{G]ri+ A&]

ieCj#1

= Gu[m A}y - E @M - Xy, 3)
ieC

where 1 is the last member of the set of components so that
yi=1-%,_cry, with CR=C\{i}. The augmented set of
variables is defined for each i € C as ff:ij = X,¥j e CR. The
derivatives of Eq. 13 with respect to the & variables are the
qualifying constraints of the GOP, given by

gij(y) = Vﬁi,»jL(ffdj’AK) = {gjl[le + Alﬁé,]

_9“[.,“+,\§']}.{yj_yy1<} VieC, jeCR. (14

The number of connected variables is the minimum number
of X or y variables that interact bilinearly so that N, =
[{C1~1. Note that each qualifying constraint consists of a
single term (y; — yjK ), allowing the y variable space to be par-
titioned into simple orthogonal regions. This is described in
the next section.
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Partitioning of the y Variable Space. At any given iteration,
the current regional lower and upper bounds for the y vari-
ables are {£yR} and {W,%}, respectively. This parent reglon is
then divided into 2Vcv subreglons by the current point, {yX}.
The lower and upper bounds for these subreglons are labeled
{£ B} and {U, B} respectively. The set of 2%, combinations is
denoted CB. The parameter {s24, defmed over CR X (B,
gives the subregion and the bounds as follows:

If sf=+1
then (y,-yf)20= £7=yf, Uf=Us
I sp=-1

then (y,—yX)<0= £°=

YiecC.

LR, ul=yf

A relaxed dual subproblem is solved within each of these
subregions to generate a lower bound on the global solution
that is valid for that particular region. Successive refinements
of the feasible region will then lead to convergence to the
global solution. A detailed discussion of the details of the
algorithm can be found in McDonald and Floudas (1995).

Bounds on the set of X variables are required for the re-
laxed dual problem. The X variables as defined by Eq. 12
are pseudolinear, that is, they are convex and concave. Thus
there will be one global minimum, denoted £y, and one
global maximum, denoted Uy, as defined below:

L,
,Bgc' = m and
j*i
U = W vieC. (15)
X; (uy? + ]gl Qﬁ Syf .

The proof of this result is supplied by McDonald and Floudas
(199%4a).

Setting the Bounds on the X Variables. The X variables
are set at their lower or upper bounds for the current itera-
tion K, and the set of previous iterations, denoted PL(K).
This will depend both on the box region and the sign of the
premultiplying constant term of the qualifying constraints
given by Eqs. 14. For the current iteration, the sign of the
box constraint terms are already set for any given box region
by s If the combined signs of the terms are positive, then
the corresponding X variable should be set to its lower
bound, while if it is negative, the 9% variable must be set at
its upper bound to yield a valid underestimation of the origi-
nal problem. For the previous iterations, the combined sign is
evaluated through the premultiplying terms of Eqs. 14 evalu-
ated at iteration K and the sign of the quantity yX —yk,
which validly determines the sign of y, — yX in the current
region. The detailed steps of the algorithm are outlined in
Appendix A.

Examples for the NRTL

Before describing the examples, it is necessary to make the
following comments in relation to them:
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(i) For examples where reaction does not occur, the Gibbs
free energy of formation term for the vapor phase is removed
through the following approximation:

AGFH/=AG!''+ RTInPS VieC. (16)
In cases where the data have been obtained independently of
the vapor phase, the saturated pressure term can also be
eliminated to minimize the dependence on physical data.

(ii) The postulated solutions used to test for stability are
obtained from minimizing the Gibbs free-energy function, ei-
ther locally or from the global optimization approach of Mc-
Donald and Floudas (1995). These solutions have a separate
notation associated with them. The set of phases is denoted
P =P, UP, =1k}, where the liquid phases are designated
L, c Py, and the vapor phase is denoted as V' = P,.. For any
postulated solution, the mol fractions of each component i in
some phase k are given by z%, so that X,z¥ =1Vk € P. The
parameter ¢* corresponds to the fraction of total mass in
phase k, so that chb" = 1. In the results tables that follow,
y¥ is the mol vector at a global solution, with F* being the
corresponding tangent plane distance function. The numbers
in parentheses below F * show the results of using the NLP
solver MINOSS5.4 to solve the original nonconvex formula-
tions from 100 randomly chosen starting points, with the first
number corresponding to the number of failures in obtaining
a negative tangent plane distance function when the postu-
lated solution is a nonequilibrium one, and the second num-
ber showing how many times the global solution was ob-
tained. The number of iterations, N,, with the number in
parentheses corresponding to the iteration number at which
the tangent plane distance function becomes negative. The
number in parentheses reported under the cpu time for the
problems corresponds to the total cpu time consumed before
a negative tangent plane distance is obtained. The percent-
age of solution nodes that are fathomed because the lower
bound lies above the best current upper bound is Nj.

(iii) All computational runs were performed on a
Hewlett-Packard 9000,/730 machine. The algorithm is imple-
mented in C as the package GLOPEQ (GLObal OPtimiza-
tion for the Phase EQuilibrium problem), which is also capa-
ble of minimizing the Gibbs free-energy function using the
same algorithms employed for the phase stability problem.
The solver MINOS5.4 is accessed as a subroutine. All cpu
times reported represent the total real time taken to solve
any given phase stability problem to e-global optimality, where
tolerances of € =107% for the NRTL equation and € =103
for the UNIQUAC equation were found to give a more than
satisfactory criterion of convergence.

Example 1: n-Butyl-Acetate—Water. This example is small
but challenging and is analyzed here at four different feed
conditions. There are two components and a maximum of
two liquid phases, so that Comment (i) above applies. The
binary parameters of the system are given by Heidemann and
Mandhane (1973) as:

1 = 3.00498, 5y = 4.69071, 12 = 0.391965.

The explicit formulation for the phase stability problem ex-
pressed in terms of the original and transformed variables is
as follows:
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min  y,Iny; +y,iny, =y pi(2) =y, p(2) + G731 X,
+ Gy Xy
st Xyt Gayad=y
LGy +y2t =2
yi+y,=1, O0<y,y, <L

Note that there are two bilinear terms in the objective func-
tion, and two bilinear constraints, which make the problem
nonconvex. The Lagrangian constructed from any given pri-
mal problem at some iteration K for use in the relaxed dual
subproblems is then

L(X,y, ) =y, Iny; + y,Iny, — yil pi(2) + A
=yl w3 (2)+ AL+ () = yFFAXHAS = Goilryy + AFD)

+%,{Gplr, + A5 1= A5 )

where y, is the only variable that interacts bilinearly with the
X variable set, so that N, =1 for this example.

Geometric interpretation

The performance of the GOP will now be illustrated for
the case of an equimolar feed, so that the total number of
mols of each component is given as nl =n} =0.5. The test
candidate phase will be a single liquid phase so that z, =z,
=0.5. These values of z substituted into Eq. 7 yield u%(z)=
—0.06391 and u5(z)=0.02875. The objective function is
plotted in Figure 3 and reveals a nonconvex curve with multi-
ple stationary and inflection points. In fact, there are two
local minima, one of which is the global one, a local maxi-
mum, and several inflection points, and the values of y; where
these occur (excluding the maxima at the boundaries of the
feasible region) are given in Table 1. A local solver will con-
verge at best to a local minimum, with no guarantee of ob-
taining the global solution. For this case, if the global solu-

Tangent Plane Distance Function
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Figure 3. F(y) for Example 1.
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Nature of SP/IP ¥ Nature of SP/IP Y,

Global minimum 0.0042 Inflection point 0.025
Local minimum 0.500 Inflection point 0.279
Local maximum 0.160 Inflection point 0.706

Inflection point 0.895

tion is not obtained, then all the other stationary points yield
a nonnegative objective function value, which would lead to
the erroneous conclusion that the single liquid phase is sta-
ble. In fact, when solving this problem using MINOSS5.4, only
29 of 100 randomly selected starting points gave the global
solution. This clearly demonstrates the difficulties associated
with application of the tangent plane stability criterion and
highlights the need for a global optimization approach. The
manner in which the GOP algorithm proceeds is now demon-
strated for the first iteration.

Iteration 1. Choose an initial point of y!=yl=0.5 that
gives an upper bound of F(y')=0. The parent region is di-
vided in two, and a relaxed dual subproblem is solved in each.

Region 1: The box bounds are 0.5 <y, <1.0 (and hence
0.0 < y, < 0.5). This implies that (y, — y!) > 0. Solving the
relaxed dual problem in this region yields a global solution of
y§ =0.7788 with a corresponding lower bound of u* =
~0.1861.

Region 2: The box bounds are 0.0 <y, < 0.5 (and hence
0.5 < y, < 1.0). This implies that (y, — y}) < 0. The global so-
lution of the relaxed dual is yT = 0.1910, with a correspond-
ing lower bound of w% = —0.2469. The underestimators for
Regions 1 and 2 are drawn in Figure 4.

At the second iteration, Region 2 of Iteration 1 yields the
next parent region, so that again 2 relaxed dual subproblems
are solved to give two additional lower bounds. The algo-
rithm proceeds in this way until the infimum of all remaining
lower bounds is within e of the current best upper bound.
For this particular problem, convergence occurs after 12 iter-
ations. The total time taken by the algorithm was 0.06 cpu s,
and 8 nodes were fathomed. The actual solution is given in
Table 2. Note also that & * becomes negative at an early stage
of the algorithm so that it could be terminated because the
postulated equilibrium solution is clearly unstable.

Iteration 1

"l S T~ /4 ,

/ 0.2 0.4 0.6 0.8 1

Figure 4. F(y) and underestimating Lagrangians for it-
eration 1.
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Table 2. Data and Solutions for Example 1 with One Liquid Phase Postulated

Solutions for n-Butyl-Acetate (1)-Water Q) at T, P =1 atm

Component Feed (mol) wl(z2) y* F* cpu (s) N, Ny (%)
C¢H,,0, (1) 0.50 —0.06391 0.00421 —0.03247 0.06 12 33
H,0(2) 0.50 0.02875 0.99575 (71/29) 0.02) (4)
C4H,0, (1) 0.10 0.18825 0.96345 ~021419 0.07 14 50
H,0(2) 0.90 0.02412 0.03655 ©/5) (0.001) (6]
C4H,,0, (1) 0.20 -0.10252 0.00380 ~0.07427 0.05 9 28
H, 0 0.80 0.07088 0.99620 (0/100) (0.01) )
C4H,,0, (1) 0.65 —0.02708 0.94131 -0.00671 0.11 22 48
H,0 () 0.35 —0.01910 0.05869 (87/13) (0.001) 4)
Table 3. Data and Global Solutions for Example 1
Solutions for n-Butyl-Acetate (1)-Water (2) for all Feed Conditions
Comp. Solution 2k 2k ud(2) y* F* cpu (s) N Ng (%)
i= Local LL 0.93514 0.00456 —0.03523 0.59425 —0.00070 0.15 32 45
j=2 dL1=0.21001 0.06486 0.99544 —0.00398 0.40575 (25/75) (0.002) ey
i=1 Global LL 0.59199 0.00456 —-0.03642 0.59199 0.0 0.16 36 43
i=2 ot1=0.33271 0.40801 0.99544 —0.00398 0.40801 — — —

Other Feed Conditions.  The algorithm was also tested for
three other feed conditions, with different values of {n7}. The
stability test was initiated in all cases by a single liquid phase
solution, with z; = n7/T jan V i. The only difference between
the formulations will then be the values calculated for uf(z).
This leads to negative tangent plane distances in all cases
and these results are also shown in Table 2. The first and last
feed conditions (n] =0.5 and nf =0.65) are seen to be the
most difficult. The local searches show a large number of
failures in terms of predicting that the one phase solution is
unstable. This is also reflected in the fact that a negative tan-
gent plane distance is not obtained until the fourth iteration
in both cases. On the other hand, the middle two feed condi-
tions are much less challenging, with the local searches show-
ing no failures in predicting instability. However, for n] = 0.1,
the global solution was obtained only 5 times out of 100.

Local LL Solution. When the Gibbs free energy is mini-
mized to attempt to obtain the global solution, the four feed
conditions yield a strong local LL solution, which satisfies the
first-order conditions of equal chemical potentials. This solu-
tion is given in Table 3 and can be used to test the algorithm.
The mol fractions in the two phases are the same for all four
feed conditions as they lie along the same tieline so that only
the phase fractions differ. Obviously the tangent plane dis-
tance function is negative and a plot of the Gibbs surface and
the tangent plane is provided in Figure 1. As for the illustra-
tive example, notice that if a local solver converges to a sta-
tionary point other than the global minimum, then it will in-
correctly confirm a false equilibrium solution. The global
minimum is at y§ = 0.59425 with F(y*)= —0.0007, indicat-
ing instability of the local LL solution. The algorithm takes
30 iterations to converge to this solution using a total of .15
cpu s, while 45% of the nodes were fathomed.

Global LL Solution. All four feed conditions share the
same mol fractions for the equilibrium solution correspond-
ing to a global minimum of the Gibbs free energy, and these
are also supplied in Table 3. The postulated global solution
will obviously yield a nonnegative tangent plane distance over
the full mol fraction space and this is pictured in Figure 2
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where the tangent plane lies below the Gibbs surface over
the feasible composition range. For a starting point of y! =
0.75, the global solution of zero is obtained after 36 iterations
with the algorithm consuming a total of 0.16 cpu s, while 43%
of the nodes were fathomed. The time taken to verify the
equilibrium solution is not significantly greater than that
taken to establish instability for the other nonequilibrium
postulated solutions.

Example 2: Toluene—Water— Aniline. This example is
taken from Castillo and Grossmann (1981) and features three
components at a temperature of 298 K and a pressure of 1
atm. Bender and Block (1975) supply the parameters for this
example, and these are shown in Table 4. The phase rule
indicates that there are a maximum of three phases. Paules
and Floudas (1989) found that this example displayed trou-
blesome characteristics in terms of convergence to the trivial
solution. It demonstrates why the stability analysis is such a
valuable tool because by solving the stability problem for a
postulated trivial solution, there is the possibility of obtaining
a negative tangent plane distance indicating that it is false.

Starting with a trivial solution, the global solution for the
given feed conditions is supplied in Table 5. The global solu-
tion is obtained after 16 iterations with a total time of 0.18
cpu s. Note that the tangent plane distance function becomes
negative at the first iteration, indicating instability after only
0.001 cpu s.

If the equilibrium solution corresponding to a global mini-
mum of the Gibbs free energy is tested for stability, the tan-
gent plane distance function will of course be nonnegative

Table 4. Binary Data for Example 2
Toluene (1)-Water (2)-Aniline (3)

Components ij i j i T ;= @

C,H3-H,0 1 2 4.93035 7.77063 0.2485

C,H;-C4H,N 1 3 1.59806 0.03509 0.3000

H,0-C,H,N 2 3 4.18462 1.27932 0.3412
1805



Table 5. Data and Global Solutions for Example 2

Solutions for Toluene (1)-Water (2)-Aniline (3) at 7, P =1 atm

Comp. Solution zk zk? pi(2) yi G cpu (s) N, Ni (%)
i= Trivial L 0.29989 — —0.28809 0.00007 —0.29454 0.18 16 68
i=2 L =10 0.20006 — 029158  0.99686 (31/69) ©o02) (1)
i=3 0.50005 — —0.59336 0.00307
i= Global LL 0.34674 0.00009 —0.38371 0.00009 0.0 0.94 85 66
i=2 $L1=0.865 0.07584 0.99495 -0.00461 0.99495 — — —
=3 0.57742 0.00496 —0.47388 0.00496

Table 6. Binary Data for Example 3

n-Propanol (1)-n-Butanol (2)-Water (3): 7;; and «;; dimensionless

Components i i T o= oy
C,H,O-C,H,,O 1t 2 —061259 0.71640 0.30

C;H3gO-H,0 1 3 —007149 27425 0.30

C,H,;,0-H,0 2 3 0.90047  3.51307 0.48

over the complete feasible region. In this case the global so-
lution of zero is obtained after 85 iterations and the GOP
algorithm takes a total time of 0.94 s. In addition, 68% of the
nodes were fathomed.

Example 3: n-Propanol—Water — Butanol. This system was
first studied by Block and Hegner (1976) in their study of
three-phase distillation towers. It contains one partially mis-
cible pair between water and n-butanol. The required binary
parameters are given in Table 6 and it should be noted that
these are independent of temperature, so that consideration
of a vapor phase is meaningless. Walraven and van Rompay
(1988) also studied this example for a variety of feed condi-
tions to test their phase-splitting algorithm, and two of these
source feeds were used to examine the performance of the
global optimization algorithm:

Condition (i): {7} ={0.160, 0.800, 0.040}

Condition (ii): {n7}=1{0.052, 0.800, 0.148}.

Condition (i) corresponds to a relatively easy example that
lies within the immiscibility region, while Condition (ii) lies
close to the plait point, and is therefore very challenging.

A local solver will not be able to guarantee obtaining the
global solution from any given starting point. The results for
Condition (i) are shown in Table 7, for both the trivial solu-
tion and the global solution as the postulated equilibrium so-
lutions to be tested for stability. With a one-phase solution
postulated, there were no failures by the local solver in pre-
dicting instability, although the global solution to the stability
problem was only obtained 31 times out of 100 randomly se-
lected starting points. Table 8 shows the results for Condition
(ii) where the difficulty of the problem is reflected in the in-
creased computer time required to establish stability. There
were also a large number of failures (60 out of 100) when the
stability problem was solved locally using MINOS5.4. Notice
that the time required to verify instability is very small. Obvi-
ously, as soon as a negative tangent plane distance is found,
the algorithm can be stopped. However, for the stable solu-
tions the cpu time required to confirm an equilibrium solu-
tion is more punitive. It should be noted that the iteration at
which the tangent plane distance function becomes negative
occurs in the first iterations with a correspondingly low cpu
usage. This will have important implications when the tan-
gent plane criterion is used to test solutions obtained from
the minimization of the Gibbs free energy because the con-
cern is determining if this distance is negative.

Table 7. Data and Global Solutions for Example 3, Conditions (i)

Solutions for r-Propanol (1)~ n-Butanol (2)-Water (3) at 7, P =1 atm

Comp. Solution P zke wd(2) v F* cpu (s) N, Ny (%)
i= Trivial L 0.16 — -0.71239 0.01905 -0.01161 0.62 53 67
i=2 oli=10 0.80 — —-0.00681 0.97154 0/31) (0.002) m
=3 0.04 — —2.56507 0.00941
i= Global LL 0.26390 0.02214 —0.69700 0.02214 0.0 237 213 64
j =2 ¢t =0570 0.67456 0.96645 —0.02023 0.96645 — — —
i=3 0.06154 0.01141 —2.46114 0.01141

Table 8. Global Solutions for Example 3, Conditions (ii)
Solutions for n-Propanol (1)- n-Butanol (2)-Water (3) Near Plait Point

Comp. Solution zh zte wl(z) % F* cpu (s) N, Np (%)
i=1 Trivial L 0.052 — -1.80016 0.03599 —-9.85%x1076 4.98 549 57
=2 oli=10 0.800 — —0.04875 0.84967 (60/40) 0.02) ()}
i=3 0.148 — —0.93380 0.11434
i=1 Global LL 0.05509 0.03707 —1.80055 0.03707 0.0 7.09 757 51
i=2 $L1=0828 0.79043 0.84620 —0.04880 0.84620 — — —
i=3 0.15447 0.11673 —0.93341 0.11673
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Application to the UNIQUAC Equation
Formulation of F(y)

Anderson and Prausnitz (1978) proposed the following ex-
pression for the excess Gibbs free energy:

E

8 6z b;
o ZYiln‘_+‘ Zqiyiln_
RT ¢ Vi 2,-ec o

- X 4y ln( ) 0/"7'1'1') an

ieC jec

where r;, g;, and g; are pure component structural parame-
ters, 7;; is a binary interaction parameter, z is a lattice coor-
dination number, and ¢;, 6, and 8] are defined as follows:

rYi
¢ =
r 0

jecC

YieC

qi);
9.

o Z q;Y;
jec

VieC

o = q:y;

T Z ‘I,"}’j
jecC

VieC.

Collecting the terms involving ¢; and substitution of Egs. 17
and 3 into Eq. 5 leads to the following expression for the
(dimensionless) molar Gibbs free energy:

g(y)= Z.Yi<AGif+[l_%qi In ¢,

ieC

z
+=q;ln,—qg'ln Y Ojfrﬁ}. (18)
2 jeC

The chemical potentials for each component are defined as

z z ¢i
,u,.(y)=AGl-f+[1——q,-] Ing,+=g; I+, —— Y Ly,
2 27 Yijec

7.0
+gi—qn Y 7,6 -q L =—— 19
jec " 'jEC Z 07y,
leC

where /; is given as
z
li=5’(fi—qi)—(’i—1) Viec. (20)

In addition, the following new parameter is introduced:

z
=4;
2
k=
r;

-1

>0 vielC. @n

This parameter is always positive. If the terms involving ¢;,
6,, and 6] are fully expanded, then the tangent plane dis-
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tance function for the UNIQUAC equation is obtained by
substituting Eq. 18 into Eq. 8 to yield:

ry; z Vi
F()= Y ylAGS - 2Rrin —2 ¢ L n
ieC 2 rY; 2

jecC jecC
'ZC‘I}Ttij
S
—glne—— - (2} (22)
Z q;y;
jecC

where F(y) as defined earlier is clearly nonconvex. McDon-
ald and Floudas (1994a) present various transformations and
properties that allow this function to be expressed as the dif-
ference of two convex functions where the concave portion is
separable. The results are summarized in the foregoing, but
first, new parameters are introduced to aid in this process,
defined as follows:

zi = min {zf} (23)
z0=2zR+ ¥ [zR-z}] (24)

ieC

Z.B = zR_ ZAR; vieC (25)
: 7
j*i
o, =q,+rlzR+2P] ViecC. (26)

These new parameters allow the convex portion of the refor-
mulated tangent plane distance function to be defined as

ey =Y Yi{AGif_M?(Z)"ZiRri Inr;}
ieC
A B i
+2z4 Y rydn Y ry+ X zPryin
ieC ieC ieC }: Ty

jec
z

2

4q;); , ,
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ieC o 1j7j i€ C ieC
jeC

+

Yi

+ Y gyn<=———.

ieC > a7,y
jec

The reformulated stability problem for the UNIQUAC equa-
tion (S-U) can then be written:

min F(y)=€Y(y)— Y ¢yny,

ieC
st. Y y=1

ieC G-U

with yeY ={y:0<y <1 Vie(}
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This objective function is composed of the difference of two
convex functions, where the convex function that is sub-
tracted is separable in y;, and is minimized over the convex
set Y. This structure will be fully exploited in solving (S-U).

Branch and bound algorithm

For problems of similar structure to (S-U), a branch and
bound algorithm was proposed by Falk and Soland (1969),
which forms the basis of the algorithm used in this work. The
basic idea is to successively refine the feasible region, solving
convex subproblems in these subregions, and thus generating
a nondecreasing subsequence of lower bounds that will con-
verge on a global solution of (S-U).

Generating Convex Underestimators of F(y).
partition of the feasible region defined as

For any given

eh<y <up

Yi — Yi

viedC, Q27N

planes are chosen to partition the current region with 1 < N,
< Ngy, and N, = |C|—1. Np is a user specified parame-
ter. The larger it is, the tighter will be the bounds created in
a given region, but the number of subproblems solved for
that iteration will be increased. Thus, 2¥» box regions are
created at every iteration, and an underestimating subprob-
lem of type (UES) is solved in each to generate a valid lower
bound on the global solution.

The current region is partitioned along the N, edges with
the largest distances, labeled §;, between the concave func-
tion and its convex envelope evaluated at yX. Horst and Tuy
(1990) proved that the algorithm used in this work (which
allows N, to vary) converges finitely to an e-global global
solution of (S-U) if the subdivision rule just described is used.

The parameter JC; is used to decide if the current region
will be partitioned along the facet of the n-rectangle involv-
ing y,. If 3C,=1, then the side of the n-rectangle associated
with y; will be partitioned, while if JC; =0, then it will not.
This is summarized below:

If sZ-3¢=+1 then (y,—y$)20= gf=yf Uul=uf

If sP-3C,=—1 then (y;—p)<0=8%=&F UP=y~

If sf3c= 0

then a valid lower bound on the objective function is supplied
by the convex envelope of F(y) defined in (S-U). The convex
envelope of the separable concave term — y; In y; is denoted
W¥.(y;), and is simply the affine function that joins the end-
points for y, as defined by Eq. 27:

‘I,,'(Yg) == .8),[8 In £y?

B B B B
£°1In £ - U7 In u.’

¥ cuyl,-;_' ‘f‘y? ) [yi_ £y?]

vieC. (28)

Then the convex envelope of the concave function will be
given by the sum of these individual affine functions. The
following problem will then yield the convex envelope of F(y)
and provides a valid underestimation of the global solution in
the current region:

min  €Y(y)+ Z eV (y;)

ieC
st. Yy =1 (UES)
ieC
£f<y,<ul.

For successive refinements of the feasible region, the lower
bound supplied by (UES) will be tighter than that supplied by
any of its predecessor nodes, creating a nondecreasing subse-
quence of lower bounds on the global solution. A local solu-
tion to (UES) is a global one.

Partitioning Scheme for the y Variable Space. The notation
in this section is the same as for the NRTL equation. As
discussed by McDonald and Floudas (1994a), N, hyper-
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VieC, jeCR.
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Some key characteristics of the algorithm are:

¢ Only one underestimating function is required per node.

e The current region can be partitioned using a variable
number of hyperplanes.

e Each subproblem is unconstrained, except for the simple
box bounds on the variables.

It proceeds by solving (S) locally with F(y) given by Eq. 22
to give an upper bound on the global solution. The current
region is then partitioned by hyperplane(s) passing through
the current point; 2™* subproblems of type (UES) are solved
to yield a lower bound on the global solution in that particu-
lar subregion. If these solutions lie above the best upper
bound, they are fathomed; otherwise, they are added to the
set of solution nodes. Then, the infimum of all available lower
bounds is chosen as the node for the next iteration, so that
the mol fraction solution associated with this node becomes
the current point. Before returning to solve (S) locally, a check
for convergence is done. The detailed steps of the branch
and bound algorithm are presented in Appendix B.

Examples for the UNIQUAC equation

The same comments that were made in the section titled
“Examples for the NRTL” are also applicable here.

Example 4: Toluene—Water. This first example is taken
from Lantagne et al. (1988) where the modified version of
the UNIQUAC equation is used, as the system contains wa-
ter. There are a maximum of two phases, both assumed to be
liquid, and the pure component structural data as well as their
associated parameters introduced to change the form of the
objective function are given in Table 9. The two binary inter-
action parameters are supplied as
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Table 9. Pure Component Data for Example 4
Toluene (1)-Water (2)

Parameter i=1 i=2
q; 2.97 1.40
q; 2.97 1.00
v 3.92 0.92
; 1.83 —2.32
zfR 3.53316 6.52174
zE 2.98858 0
@ 28.53522 7.0
T, =0.09867, 7, =0.59673.

The following definitions are also required:

zR =min{zf, z§)
= 2R = 353316
2= 2R+ R - 2R)+ (28 - zR)

= 2R = 6.52174.

This allows the convex portion of the objective function to be
written as

CY(yy,y) = yi[— ud(2) - zfr Inr]
+ [~ u3(2)— 28r,Inr,]

+ 240y oy, linlry, + 19,1
1)1

z
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21 D111t G2y,

B
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1 ny1+ny:

q9:Y2

_______+ ' +l ln ' +(
QY+ 92)2 g1y, + 42y, 1Inlq1y, + q3y,]

z 1
+ = n
2‘12)’2

Y2
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22 diy + Gy,
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@y In———————
e q1y1+7092¥z2

The explicit separable DC formulation is given as follows:
min  €Y(y;,y,) = ¢ily1 ny,]— @aly,Iny,]

st. y;+ty,=1
0< Yi: Y2 <1.
It is seen that the nonconvexities of the problem lie in the

separable concave portion of the objective function. If the
trivial solution is tested for stability, Table 10 gives the result-

Tangent Plane Distance Function
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0
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Figure 5. F(y) for Example 4, trivial and global solu-
tions postulated.

ing chemical potentials, while Figure 5 shows the objective
function as a nonconvex curve that represents the tangent
plane distance function for this case. Note that there is a
local maximum of zero at y, = (.5, but this is the largest value
the objective function takes. Thus, it is a relatively easy prob-
lem, as any local solver will converge to one of the two local
minima that yields a negative tangent plane distance, and so
correctly identify the one-phase solution as unstable. This will
not be the case in general, where the global solution of the
stability problem may be the only stationary point with a neg-
ative distance.

If the postulated solution is the Global LL solution, which
is also given in Table 10, then the tangent plane distance
function will be nonnegative everywhere, and this is shown in
Figure 5. Again it is a nonconvex curve, and the branch and
bound algorithm correctly identifies the global solution in 62
iterations, with the GOP algorithm consuming a total time of
0.35 cpu s. The global solutions of the stability problem for
both these cases are given Table 10, along with the usual
computational results. The iteration at which the tangent
plane distance function becomes negative occurs very early,
reflecting behavior already seen in the case of the NRTL
equation.

Table 10. Global Solutions for Example 4

Solutions for Toluene {(1)-Water (2)at T=295K, P =1 atm

Comp. Solution zh zk2 ud(2) y* G * cpu (s) N, Ni (%)
i= Trivial L 0.5 — 0.00007 0.00049 -0.61887 0.19 39 42
[=2 Pt =1.0 0.5 — 0.61839 0.99951 (0/68) (0.04) (€8]
i=1 Global LL 0.95642 0.00089 ~0.03864 0.95642 0.0 0.30 62 38
i=2 ¢l1=0478 0.04358 0.99911 —0.00088 0.04358 — —_ —
July 1995 Vol. 41, No. 7 1809
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Table 11. Binary Data for Example 5

Table 12. Pure Component Data for Example 5

Ethylene Glycol (1)~Lauryl Alcohol (2)-Nitromethane (3)
;= exp (= Au, /RT) with T in K

Components ¥ i J Au;;/R Au,/R
C,H,0,-C;H,,0 1 2 247.20 69.69
C,H,0,-CH;NO, 1 3 54,701 467.88
C,,H,O-CH;NG, 2 3 305.52 133.19

Example 5: Ethylene glycol~lauryl alcohol— nitromethane.
This example was studied by Null (1970), who used the ex-
tended version of the van Laar equation to model the activity
coefficients. Chakravarty et al. (1985) supplied the coeffi-
cients for use in the UNIQUAC equation, and these are given
in Table 11. The pure component data are supplied in Table
12. Two sets of feed conditions are analyzed:

Condition (i): {n7}={0.4,0.3,0.3}
Condition (ii): {n7}=1{0.2, 0.3, 0.5}

There are three potential liquid phases and a vapor phase is
not considered. For each feed condition, three postulated so-
lutions obtained from the minimization of the Gibbs free en-
ergy are tested, corresponding to the trivial one-phase solu-
tion, a Local LL solution and the Global LLL solution. These
solutions are supplied in Tables 13 and 14, with their corre-
sponding chemical potential values.

It should be noted that Sun and Seider (1994) report the
Local LL solution given in Table 14 as the Global solution
for Condition (ii). The stability analysis yields a tangent plane
distance function of F* = —~0.027 for this case, indicating that
this postulated solution is not the equilibrium one. When
solved locally 100 times, MINOSS.4 had 44 failures in terms
of identifying that this Local LL solution is not the equilib-
rium one. The actual global LLL solution has the same mol

C,H,0, (1)-C,,H,,0 (2)-CH,NO, (3)

Parameter i=1 i=2 i=3
q,=q, 2.2480 7.3720 1.8680
r; 2.4088 8.8495 2.0086
I; ~0.6048 —0.4620 —0.3056

fractions in each of the three phases as for Condition (i); only
the phase fractions change with ¢£' = 0.608 and ¢$<> = 0.363.
The stability formulation is therefore exactly the same as it
was for Condition (i), and is therefore not shown in Table 14.

This example demonstrates the inherent dangers of using
local approaches for the phase stability problem. It also again
shows that the branch and bound algorithm ascertains insta-
bility at a very early iteration. The full results for both sets of
feed conditions are given in Tables 13 and 14 and again clearly
indicate the greater computational expense required to verify
equilibrium solutions.

Example 6: SBA— DSBE—Water. This system involves the
modeling of the ARCO SBA-II tower for the dehydration of
secbutanol using di-sec-butyl-ether. Kovach and Seider
(1987a) have performed extensive dynamic analysis of the
column itself. There is a temperature gradient in the column
that represents the addition of an extra liquid phase. The
phase boundaries are very sensitive to all of the parameters
used to model the system.

Kovach and Seider (1988) reported vapor-liquid and
liquid—-liquid equilibrium data for the system SBA-
DSBE-H,0O. UNIQUAC interaction coefficients were ob-
tained that adequately modeled the VL and LL equilibrium
data separately, but not both. Thus, compromise coefficients
were found that could accurately represent the data, and they
are given in Table 15. Widagdo et al. (1992) plotted the phase
diagrams for five trays in the column. They reveal the sensi-
tivity of the lower trays in the column as the phase regions

Table 13. Data and Solutions for Example 5, Conditions (i)

Solutions for Ethylene Glycol (1)-Lauryl Alcohol (2)-Nitromethane (3} at T=295K, P =1 atm

Comp. Solution zh zk2 zks 2(2) yi G * cpu (s) N, Nr (%)
i= Trivial L 0.4 — — —~0.09120 0.75425 -~0.11365 10.70 753 70
=2 ol =10 0.3 - — - 0.66963 0.00222 (10/86) 0.07) (¢))]
i= 0.3 — — 0.00187 0.24353
i= Local LL 0.27078 0.61986 - —0.27095 0.02334 —0.05877 10.97 788 70
=2 ¢t =0.630 0.47302 0.00562 — —0.55375 0.00173 (72/28) (1.17) 4)
=3 0.25620 0.37452 — 0.03965 0.97493
i= Global LLL 0.27899 0.02776 0.69280 —0.23994 0.27899 0.0 29.70 2144 69
i=2 &1 =0.608 0.49191 0.00206 0.00399 —0.54068 0.49191 - — —
i=3 ¢t =0.029 0.22910 0.97018 0.30321 -0.02161 0.22910

Table 14. Solutions for Example 5, Conditions (ii)
Solutions for Ethylene Glycol (1)-Laury! Alcohol (2)-Nitromethane (3) at T =295 K, P =1 atm

Comp. Solution zf zk: w(2) v F* cpu (s) N, Ne (%)
i=1 Trivial L 0.2 — -0.50936 0.01254 —0.22827 7.31 544 68
=2 oti=10 0.3 — —0.54294 0.00113 /77 0.07) 1)
i=3 Q.5 — 0.21650 0.98633
i= Local LL 0.29672 0.03001 —-0.20102 0.71540 —-0.02700 13.43 957 70
i=2 L1 =0637 0.46950 0.00211 —0.56343 0.00336 (44/56) 0.21) )
i=3 0.23378 0.96788 —-0.02272 0.28124
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Table 15. Binary Data for Example 6

Table 17. Temperatures and Pressures for Example 6

SBA (1)-DSBE (2)-Water (3)
7;; = exp (— Au; /RT) with T in K, R =1.9872

Components i i ] Auy Auj;
C;H,O0-C,H ;O 1 2 —193.140 415.850

C,H4O-H,0 1 3 424.025 103.810

C,H,;0-H,0 2 3 315.312 3922.500

Table 16. Pure Component Data for Example 6
SBA (1)-DSBE (2)-Water (3)

Parameter i=1 i=2 i=3
q; 3.6640 5.1680 1.4000
g 4.0643 5.7409 1.6741
r; 3.9235 6.0909 0.9200

shrink further together. The data for the Antoine equation
used to calculate the saturated pressures are supplied by Ko-
vach and Seider (1987b). The temperature, pressure, and feed
mol fractions for the components are given for these five trays
in Table 17. The vapor phase is presumed to behave ideally.
Two additional sets of conditions studied by Sun and Seider
(1994) on Tray 28 were also examined, and these are dis-
cussed first.

Feed Condition (i) on Tray 28. A comprehensive set of lo-
cal minima satisfying equality of chemical potentials were
used as postulated solutions to test the phase stability algo-
rithm for {n7} = {0.40, 0.04, 0.56}, with the temperature and
pressure as for Tray 28. These correspond to the one-phase

SBA (1)-DSBE (2)-Water (3)

Tray Temp. (K) Pres. (atm)
28 363.20 1.170
25 362.35 1.166

7 361.67 1.145
5 361.58 1.143
2 361.50 1.140

liquid solution, a Local LV solution, a Local LL solution, and
the Global LLV solution. The chemical potentials arising
from these mol fractions are given in Table 18. As the quality
of the solution increases, there is a commensurate rise in the
time taken to obtain the global solution to the stability prob-
lem. The Local LL solution yields a nonnegative tangent plane
distance function, which indicates stability with respect to
perturbations in the two liquid phases; however, if this solu-
tion is tested for stability with respect to the formation of a
vapor phase, then a negative tangent plane distance function
is obtained, indicating that the postulated solution containing
only liquid phases is not the true equilibrium one. Note that
the Local LV solution was the only one that led to failures
when the problem was solved locally.

Feed Condition (ii) on Tray 28. The feed conditions are
given as {n7}={0.1, 0.1, 0.8}. In this case the global solution
has one vapor and one liquid phase. Some selected other lo-
cal postulated solutions (Trivial L and Local LL) are given in
Table 19 with their calculated chemical potentials and com-
putational results. Again, the Local LL solution yields a non-
negative tangent plane distance function, but if this solution

Table 18. Data and Solutions for Example 6, Conditions (i) on Tray 28

Solutions for SBA (1)-DSBE (2)-Water (3) on Tray 28

Comp. Solution zh zk2 z¥ w2 y¥ F* cpu (s) N, Ni (%)
i=1 Trivial L 0.40 — — - 1.05176 0.03446 —0.07354 5.66 390 70
i=2 dti=10 0.04 — — —1.83427 0.0 0/31) (0.08) (¢
i=3 0.56 — — —0.31851 0.96554
i= Local LV 0.43309 — 0.33352 ~0.94108 0.04907 —0.02858 757 532 69
i=2 ¢L1=0.668 0.02200 — 0.07616 —2.41798 0.0 (74,29) 0.23) 2)
i=3 0.54491 — 0.59032 -0.37012 0.95093
i= Local LL 0.51963 0.05616 — —0.92395 0.51963 0.0 17.63 1299 68
i=2 ol1=0742 0.05392 0.0 — —2.25146 0.05392 — — —
i=3 0.42645 0.94384 — —0.40123 0.42645
i= Global LLV 0.51802 0.05667 0.34024 -0.92115 0.51802 0.0 17.87 1306 67
i=2 oL1=0.723 0.05110 0.0 0.08762 —-227779 0.05110 - — —
i=3 $l2=0242 0.43088 0:94333 0.57214 —0.40139 0.43088

Table 19. Data and Solutions for Example 6, Conditions (ii) on Tray 28
Solutions for SBA (1)-DSBE (2)-Water (3) on Tray 28
Comp. Solution zh zke/zl wl(2) v F* cpu (s) N, N (%)

i= Trivial L 0.10 — —2.95686 0.00554 —1.57107 3.90 273 68
j=2 sl =10 0.10 — 0.55366 0.96516 (0/81) (0.08) )

i=3 0.80 — —0.00551 0.02930

i= Local LL 0.35241 0.02801 —1.23873 0.35241 0.0 1383 1020 70
i=2 ¢l =0222 0.45059 0.0 —1.42186 0.45059 — — —

=3 0.19700 0.97199 —-0.38841 0.19700

i=1 Global LV 0.01955 0.19682 —1.46848 0.01956 0.0 5.06 352 71
=2 ¢l =0.546 0.0 0.22036 -1.35554 0.0 — — —

i=3 0.98045 0.58282 —0.38291 0.98044
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Table 20. Feed Data and Solutions for Example 6*

Solutions for SBA (1)-DSBE (2)-Water (3) on Five Trays

Comp. Tray z;=n! w(z) yi F* cpu (s) N, Ny (%)
i=1 28 0.40307 —1.08878 0.03110 —0.09081 5.36 362 71
i=2 0.05150 —1.73926 0.0 0/31) (0.08) ()]
i=3 0.54543 —0.29940 0.96890
i=1 25 0.35184 —1.41935 0.01571 —0.23644 3.20 219 70
i=2 0.12553 —1.38417 0.0 (0/35) (0.08) M
i=3 0.52263 —0.17587 0.98429
i=1 7 0.33452 —1.55739 0.01227 —-0.31322 2.87 190 70
i=2 0.18212 ~1.41597 0.0 (0/47) (0.08) 1)
i=3 0.48336 —0.12255 0.98773
i=1 5 0.31392 —1.64307 0.01049 —0.35782 2.63 180 71
i=2 0.20360 —1.39570 0.0 (0/62) (0.08) 69
i=3 0.48248 —0.07983 0.98951
i=1 2 0.31286 —1.65110 0.01035 —0.36364 2.59 178 70
i=2 0.21005 —1.40490 0.0 0/62) (0.08) (§)]
i=3 0.47709 -0.07707 0.98965

*One liquid phase postulated.

is tested for the formation of a vapor phase, a negative tan-
gent plane distance is obtained, showing that this solution is
unstable with respect to the formation of a vapor phase.

Conditions on All Five Trays. The results for the five trays
at the original feed conditions in the column itself are given
in Table 20. These were obtained using the trivial one-phase
liquid solution as the postulated solution. Again, the tangent
plane distance becomes negative at an early stage of the algo-
rithm. There were no instances of failure when the problem
was solved 100 times locally using MINQOS5.4 on any of the
trays, but the global solution was not obtained in all cases. A
negative tangent plane distance was obtained at the first iter-
ation on all trays, showing how little cpu time is required to
verify instability for these five trays. Notice that as one pro-
ceeds down the column (Tray 2 is at the top of the column),
the cpu times and number of iterations increase, indicating
that the most difficult trays lie at the lower end of the col-
umn.

Table 21 shows the results when the solution correspond-
ing to a global minimum of the Gibbs free energy function is
used to generate the tangent plane distance function. The
global solutions on all five trays are LLV solutions. The sta-
bility test for the ideal vapor phase obviously vields a nonneg-
ative global solution in all cases. Therefore, because the only

phase types considered are ideal vapor and liquid phases that
can be described by the UNIQUAC equation, this means that
it can be definitely asserted that the solutions shown in Table
21 are the equilibrium ones. Note that the fathoming rate
remains high.

Conclusions

It has been shown how global solutions can be obtained for
the phase stability problem, when nonideal liquid phases are
modeled using the NRTL and UNIQUAC equations. In the
case of the NRTL equation, a biconvex objective function was
minimized over a bilinear set of constraints, and the GOP
algorithm (Floudas and Visweswaran, 1990, 1993) was used
to obtain global solutions. For the UNIQUAC equation, a
number of changes were made in the way the objective func-
tion was structured so that it could be recast as the differ-
ence of two convex functions, where the concave part was
separable. A branch and bound algorithm (Falk and Soland,
1969) was then used to guarantee obtaining global solutions
to this problem. The advantage of a global optimization ap-
proach is that if the tangent plane distance function of a pos-
tulated equilibrium solution can be asserted to be nonnega-
tive, then this solution corresponds to a global minimum of

Table 21. Solutions for Example 6, Global Solution Postulated

Solutions for SBA (1)-DSBE (2)~Water (3) on Five Trays

Comp. Solution zh zke z¥ wl(z) cpu (5) N, N (%)
i= Tray 28 0.51802 0.05667 0.34024 -092114 19.67 1306 67
i=2 ¢t =0.607 0.05110 0.0 0.08762 —2.27779
i=3 $t2=10.159 0.43088 0.94333 0.57214 —0.40139
i= Tray 25 0.52037 0.04401 0.30236 —1.04217 16.41 1172 69
(=2 ¢ =0394 0.15429 0.0 0.13931 —1.81712
i=3 ot2=0.141 0.32534 0.95599 0.55833 —0.42883
[= Tray 7 0.48182 0.03759 0.28014 —1.13669 15.26 1082 70
=2 oL =0345 0.24579 0.0 0.16430 —1.67032
i=3 olz=0.062 0.27239 0.96241 0.55556 —0.45201
i= Tray 5 0.45250 0.03474 0.26923 —1.17847 14.48 1050 70
i=2 $lv=0.365 0.29858 0.0 0.17512 —1.60852
i=3 $Lz2=10.095 0.24892 0.96526 0.55565 —0.45390
i= Tray 2 0.44619 0.03419 0.26708 —1.18954 15.16 1065 70
=2 ¢r1=0.464 0.30924 0.0 0.17717 - 1.60002
i=3 $L2=0.160 0.24457 0.96581 0.55575 —0.45678
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the Gibbs free energy. The computational results also
demonstrate the efficiency of the algorithms, noting that the
most challenging example takes under half a minute of real
time. This is the first approach that can guarantee that a pos-
tulated solution is a globally stable equilibrium one for this
important class of problems. McDonald and Floudas (1994b)
show how the same guarantees can be made for other models
such as the UNIFAC, ASOG, Wilson, T-K-Wilson for the
liquid phase, and the B-truncated virial equation for non-
ideal vapor phases.
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Appendix A

In what follows, k¢ represents any node of the solution
tree, with k, representing a temporarily assigned node used
in the selection of previous Lagrange functions. 8. repre-
sents the current node under consideration at any given iter-
ation and is obviously a leaf node. The parent of any of these
nodes is simply indicated by p(k ). The & variable bound
sets for some B, are denoted & B for the current iteration
K, and % 2" for previous iterations K € PL(K). The set I,
represents the iteration number K, at which a particular node
kg is generated. The complete algorithm for the NRTL equi-
librium model is now given.

Step 0: initialization
ImtlallzeK 0, £R—D WR=1Vi, PU= +o, M' = —o,
=R, kg=0. Select y° and €.

Step 1: primal problem

Evaluate F(y¥) and store AX, yX. If F(y*) < PY, solve
(S-N) locally to give & *. Update PY=min[PY, F(y¥), F*I.
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Step 2: select previous Lagrangians
Set PL(K)=Q, k,= 8.

while (k, # R) L
doK = I, PL(K) = PLLK)U K, k, = p(k,).

Step 3: relaxed dual phase

(1) Choose a combination of qualifying constraints, B, from
the set CB. Use sP and Ry {£%, U} to calculate B{ L7,
U ), and hence { Ly, Uy} Set & B and X B and solve
(RD) to give u} and y*.

min  pp
yeY
g

S.t. [.LBZL(&BIK’,VK’Y) Alf)g)

T L;(@B’?,yi,y, /\’g) VKe PL(K)
B B :
£,y < U, vieC
Z yi=1
ieC

() If wk = PY— e, then fathom solution.

(i) If ph < PY—e, then set kg=ks+1, plkg)= 8¢, I,
=K, phs = uf, ybs=y* R, { L, U} =B{ £ ¥

(2) Choose another set of bounds B, from CB and return
to (1).

If there are no remaining unchosen B, in CB, then pro-
ceed to Step 4.

5

Step 4: select mol vector for next iteration

Select infimum of all u%s, and set 8. = kg, the associated
node.

Set yK+1 =ySC, ML=M%C’ RK+1 {£R’ (uR}=RSC {£R,
U},

Step 5: check for convergence

Check if |PY— M"| <e. If true, then STOP; otherwise
set K=K +1, and return to Step 1.

It has been shown how all the conditions required to guar-
antee e-global convergence of the GOP algorithm are satis-
fied (Floudas and Visweswaran, 1990, 1993).

Appendix B

The complete branch and bound algorithm for the mini-
mization of the tangent plane distance function when the lig-
uid phase is modeled using the UNIQUAC equilibrium model
is mow given.

Step 0: initialization

Select an initial mol vector y' =0 and convergence toler-
ance e.

Initialize £5=0, UX=1, PV=+x, M' ==, § =R,
ks=0,{3}=0, Np=0.

Step 1: primal problem

Evaluate F(yX). If F(yX) < PY, solve (S-U) locally to give
F*,
Update PY=min [PY, F(yX), §*].

Step 2: convex underestimation phase

(1) Choose a combination of box bounds, B;, from the set
CB.

Use s, 3¢, and Ry { £, UR} to calculate B{ £&, u?).

Construct ¥,(y,) based on B{ £2, UB} and solve (UES) to
give u* and y*.

() If u*= PY~ ¢, then fathom solution.

(i) If pu* < PY—¢, then set kg=ks+1, plkg) =S, us
— /-"*a yks =y*, Rks {£R, (uR}=B{£B, ¢uB}

(2) Choose another set of bounds B, from CB and return
to (1). If there are no remaining unchosen B, in CB, then
proceed to Step 3.

Step 3: select mol vector for next iteration

Select infimum of all u%s, and set 8. = kg, the associated
node.

Set yK*!=ySe, ML =puje, Re, (L5, U= R (L5,
urky,

Choose 1 < Np < Ngpp. Set D={i}=C, {3}=0

for m=1,...,Np

{i*} = argmax | — y;In y, — ¥(y)|
D

3. =1
D = D\(i*}

end

Step 4: check for convergence

Check if | PY— M*| <e. If true, then STOP; otherwise
set K=K +1, and return to Step 1.

Convergence to an e-global solution of (DC) by the preced-
ing algorithm has been proven by Horst and Tuy (1990).
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